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Exact Renormalization Group techniques are applied to supersymmetric models 
in order to get some insights into the low energy effective actions of such theories. 
Starting from the ultra-violet finite mass deformed N = 4 supersymmetric Yang- 
Mills theory, one varies the regularising mass and compensates for it by introducing 
an effective Wilsonian action. (Polchinski's) renormalization group equation is 
modified in an essential way by the presence of rescaling (a.k.a. Konishi) anomaly, 
which is responsible for the beta-function. When supersymmetry is broken up to 
N = 1 the form of effective actions in terms of massless fields is quite reasonable, 
while in the case of the N = 2 model we appear to have problems related to 
instantons. 



1 Introduction 

An important feature of supersymmetric gauge field theories (supersymmetric 
Yang-Mills (SYM), supersymmetric QCD (SQCD), etc.) is that one can obtain 
the so called "exact results" for certain general class of models. 
One part of these exact results is the "non-renormalization theorem!' , which allows 
one to severely restrict the form of the effective (Wilsonian) actional. 

Now all such "exact results" are generally demonstrated by usual renormalizcd 
perturbation techniques, assuming moreover the existence of a finite cutoff preserv- 
ing the relevant symmetries, i.e. rigid supersymmetry and gauge symmetry. 

Beyond this, one adds the effect of instantons and appeals to the absence (in 
the case of supersymmetric models) of perturbative corrections to it. 

It is clear that as long as one relies on such techniques, one remains in the 
regime of semi-classical approximations and the results obtained are, in principle, 
valid in the weak coupling limit only. 

There are of course more direct, truly non-perturbative methods which are based 
on the straightforward evaluation of the relevant path integrals. They are: 

I. the lattice approximationa; nn 

II. the Exact Renormalization Group (ERG) approachtrQ. 

With these techniques, one has the possibility of altogether leaving the semi-classical 
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regime and obtaining truly non-perturbative (exact) results. Unfortunately, both 
methods suffer from "technical" problems that cause their applications to super- 
symmetric (SUSY) gauge field theories (GFT) to be rather problematic at present. 
In the lattice approximation, one has to deal with the problem of proper lattice 
definition of chiral or Weyl fermions (i.e. neutrinos), which makes the realization 
of SUSY on the lattice difficult. In the ERG approach, on the other hand, one 
encounters the difficulty of defining a cutoff scheme which is compatible with gauge 
symmetry at arbitrary finite cutoff value. 

Recently, there has been considerable progress in understanding both .of these 
problems, i.e. chiral fermions on the latticed and gauge invariance of ERGO. How- 
ever, this progress is still far from producing simple and exact rules to be applied 
to the actual calculations and demonstrations of theorems. 

In the present note, we would like to propose a method which, in view of the 
difficulty encountered with gauge invariance, circumvents the cutoff problem in the 
ERG approach. In fact, our method consists injijformulating d la PolchinskiEl the 
original ideas by Arkam-Hamed and MurayamaLm. 

Just as in the case ofuEl, the main ingredients of our methods are the following: 

I. the existence of ultra-violet (UV) finite models with extended supersymmctry; 

II. rescaling anomaly in N=l SUSY GFTp(Xanishi anomaly) which influences the 
relevant ERG equation in an essential wayc3tJ. 

We will explain these ideas in what follows below. 



2 UV finite models and their mass deformations 

The authors ofBi have "regularised" N = 1 SUSY GFT as the mass deformation of 
N = 4 SYM theory. Similar models (th&,so called N = 1* models) have been studied 
by several authors in different contexts^. 

The model is given by the classical action S* = Sn=4 + \ Jd 4 x d 2 6 £) i=1 ^iff + 
h.c, which reads (written in terms of N = 1 superfields and in the "holomorphic" 
representation) 

S*{V,<Pi&im) = ^ Jd 4 xd 2 6^W«W aa + Jdxd 4 93te (J^j t 2 (A)J2^e v ^+ 
+ Jd 4 xd 2 6Vle C^j \/2Tr (^ [(p jt <p k ]) ^ + \ JePxtfO^M^tf + h.c. 

(1) 

This model, just as the original N = 4 SYM theory without mass terms, is 
believed to be finite. It has. been shomp that, at the perturbative level, all the 
UV divergences cancel outtD. Kovacsti has analysed again this model and his 
calculations bear out the older claims. 

At the perturbative level, the model suffers from apparently severe infra-red 
(IR) divergences, which are, however, totally absent in the particular choice of 
gauge a — llld. One may hope, therefore, that there is no divergence at all in gauge 
invariant correlation functions. 

In this note, we take up the most (and perhaps unjustifiably) optimistic point 
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of view, i.e. that the model is really finite at the non-perturbative level and the 
quantum partition function 



Z= V[V]]JV[<p i ]V[<p i ]eicpi[S*{V^ i ,y> i ;g )+ sources] (2) 

J i=l 

can be well defined, perhaps with the usual procedure of gauge fixing^]. 

As for the physics represented by eq. (||), while at large energy scales, M® < p, 
the model approaches N — 4 SYM, at low energies, p « M 4 °, N = 4 supersymmetry 
is broken and models with heavy fields decoupled, such as N = l, are obtained. 

In what follows, we simplify the analysis by choosing the same mass for some 
of the chiral superfields while keeping the others massless 

3 n 

M°tf => Mo <Pl M = 1, 2, 3. (3) 
»=1 »=1 

Then at low energies we expect: 

I. ^ = 3 =^A = 1SYM; 

II. fi = 2 => N = 2 SYM; 

III. fi = l N = l SQCD with one hypermultiplet in the adjoint representation. 



3 Analysis of mass deformed N = 4 SYM (N = l* models) 

We study the model given by eq. ([!]) for the restricted case, eq. ||). We start from 
the path integral expression 

3 

Zm = jV[V] J] V[ipi] V[q> t \ exp i [S*(V, Vl ,W,9o) + sources] , (4) 
•* »=1 

where S* is the N = 4 action deformed by the addition of \Mq X)f=i fi ■ 

As we have argued in the previous section, we assume Zm to be well defined, 
free from divergences even at the non-perturbative levelO. 



3.1 /i = 3 case 

We give the same mass, Mq, to all the chiral superfields, {<-Pi)i— v At low energies, 
p « Mo, the model must approach N = 1 SYM and Mq can be identified as the 
UV cutoff of such theory. 

ERG analysis 

As in the conventional ERG analysisi with momentum cutoff A, one tries to vary 
the mass parameter, Mq, to a lower value, M, while keeping physics unchanged!!. 



a D[V] is meant to include accompanying ghosts. 
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More precisely, we look for the effective "Wilsonian" action Sm such that 

/ 3 M f 3 

<=i L J i=1 

3 3 

+ Jd 2 6j2f(M)J i tp i + h.c. + ^ Jd 2 9^2g(M) J? + h.c. + Jd A 9J v V . 



(5) 

Eq. (Q) is the rewriting of eq. (Q) where the change in the mass parameter, Mq — > M, 
is being compensated for by the change in the action, SV=4 — > SW, as well as by 
the renormalization of external sources^] represented by the functions f(M) and 

g{M). 

Just as in the case of the usual ERG approach, Sm is expected to be non- 
rcnormalizable and, in general, not even local. _ 

To find the equation satisfied by Sm, one might proceed as ir£3, where the 
original method by PolchinskH is closely followed. However, here wp wnylrl like 
to apply the "field redefinition" (FRD) approach proposed by Morritoll3. This 
method allows us to treat from a unified point of view the wider class of ERG 
equations we want to deal with later on. 

Let us write down the generating functional, eq. (|j), as Zm = 
JV[V] nLi 2%*] V&i] expiSlf and split Sffi into S M +S M , with the former being 
the mass deformation, 4p Jc? 2 ^X)i=i Pi + h.c., and the latter standing for Sm and 
the renormalized source terms as well (cf eq. (g)). 

WeJntroduce the RG flow generating function (the "RG kernel" according to 
MorrisM), 

and the corresponding infinitesimal change of variables 

tpi -> tfi + dip, = tpi + SM (x; M). (7) 
Under the FRD transformation, eq. (J?]), Zm must remain invariant 



= SvZm = SMjv\V]'[[l>[<p i ]I>[<p i ]lJ 



^0*) , .-.T. 6S 



tot 

»,(i)ff- ) +h.c. \e iS 



8<pi(x) Sifi(x) 



(8) 

In the r.h.s. of eq. (^), the first term is the Jacobian for the functional measure 
under the transformation eq. (^) while the second term is the variation of S* A 
One can write eq. (jq) in short hand as 



jtot 
'M ■ 



^(») , .ST. M 



Lot 
M 



. . , . M i (x) T ^\+h.c.)=0. (9) 

The above relations are trivial, however eq. (^) implies that if S M l varies with M 
according to 

( Ma » s " - " I (H) + m '& - h - c ) " °' ,10) 



'We have anticipated the necessity for a contact term. 
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then Zm stays unchanged under the infinitesimal change Sm — » Sm+sm- 

Eq. ( |To| ) corresponds to the weak form of Polchinski's equation!. 
One might ask here whether it is possible to take away the functional average 
sign (•) and satisfy the strong form of Polchinski's equation 

Md M Sl? =m[( + ^(x)^^) + h.c. (11) 



Sifi(x) Sifi(x) , 

We will comment on this later on and, for the moment, carry on with the original 
equation (|Io|). Substituting eq. @ into eq. (|Io| ) yields^ 

n>rf> e 1 ((■ 5 ' '' Sm SSm SSm -fl/r^^A h , 

Md M JM - tttt / *t — r^T — 7 — \ - T — 7T7 — -, — c - - — — - h.c.+ 
2M J \ d<pi(p) dipi(-p) difi{p) oipi{-p) otpiip) J 

(f - Md M f) Up) <Pi(-p) + j^J(f 2 ~ M 2 d M9 ) Up) j t (- P ) + h.c\ 



-- 0. 

(12) 

If the source term renormalization factors satisfy the differential equations Mdjaf = 
f and M 2 8m9 — P with the initial conditions f(Mo) — 1 and g(Mo) = 0, then 



eq. (12) takes the form 



Md M S M - — f(i — - — SSM ~ iM 6lft{p) ) ~hc)=0 

(13) 

It is easy to solve the differential equations for / and g, the solutions corresponding 
to the given initial conditions being f(M) = and g(M) — (M^ — lj . 

Eq. ( |l3| ) has the same form as Polchinski's except for the presence of the singular 
term A = — | (j l^fy )■ Such a term, discarded in Polchinski's original work, is of 

great importance when dealing with SUSY GFT, as we pointed out i rM 

Indeed, A is closely related to the anomalous Jacobian (Fujikawa-Konishi de- 
terminant) under the rescaling transformation ipi — exp[Sa] ip[, where 5a is a chiral 
superfield as well. 

J(*a) =detfe) =i + l J 5a }- t 2^w a a W aa +0{5af, (14) 

where t 2 {A) is the Dynkin index of the adjoint representation ofJJae gauge group 
and for SU(Nc) one has t2(A) — Nc- Then, as we have shown ir£3, 



Substituting eq. (|15|) into eq. (|13|) after summing upon i and assuming the strong 
form for the rest of the equation, i. e. taking away the functional average sign, one 
gets 

MR c 1 f^f- P Sm SS M _SS^_\ 3 t 2 {A) f 2 

Md M s M = —j^ {^wM-P) " s Vi (p) 6 Vi (-p)J + ^~^J W +h - 



c. 



(16) 



c Following Polchinski, we have gone over to the momentum representation 
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which is the main result i rS 

One can explicitly separate from Sm the contribution of the anomalous term 
by introducing the "normal" part of the action, Sm, 

16 8tt 2 J & \M 



Sm = S m --^ I W 2 log { — ) +h.c. (17) 



It satisfies Polchinski's equation (without the anomalous term A) 
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MO M S M = ±j± [i^-^— - ^j^j + h.c. (18) 
The variation of the gauge coupling constant 

As it has been argued i one expects the contribution of the anomalous part to 
be dominant at M ^ Mq. In fact Sm ~ §M + ® f m~i ~m^) • Thus, at low energies, 
one may read off the variation of the gauge coupling constant from A, eq. (|l5| ) 
1 1 _3 H A) lo jM\ 



This is the variation of the "holomorphic" gauge coupling constant. One can go over 
to the more conventional canonical representation by rescaling all the superfields 
by the canonical gauge coupling, i.e. ip (h) = g c (p^, Tp {h) = g c Tp {c] and V {h) = 
g c V( c )i and, of course, taking into account the effect of Konishi anomaly in such a 
transformation. We refer totj for the details and simply quote the result 

' HA)gl 



P(9c) = Md M g c {M) = - 16n , (A) ■ (20) 

Eq. ( pp| ) is the celebrated Novikov-Shiffman-Vainshtein-Zakarov (NSVZ) exact ex- 
pression of the /3-function in N=l SYM. 

The infinite-Mo limit 

The conventional infinite-Mo limit is defined by the conditions Mo — > oo and 
g (Mq) — > in such a way as to keep the dynamical cutoff A = Mq cxp — (^rj^j 
fixed. According to eq. (|l9|), A is the value of M at which g(M) diverges. 
Then, again with Sm ~ Sm > one gets 

~ + ^ - L^^ w , +h . c . m 

In this limit, the theory is a pure N—l SYM. 



3.2 (i = 2 case 

One can trivially extend the previous analysis to the case when only two of the 
three chiral superfields in the N = 4 SYS get massive, i.e. one adds the mass term 
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Note that S M is N — 2 SUSY invariant, thus one expects that the original N = 4 
SYM gets broken up to a N = 2 model (N = 2 SYM). 

Repeating the method explained above, one obtains the analog of eq. ( |l7| ) for 
the effective action as 

~Su^S M -^[wHo g (^] + h,., (22) 



16 8vr 2 J b \M 0r 

where Sm again satisfies Polchinski's equation with respect to the heavy fields ^1,2- 
The variation of the gauge coupling constant can be obtained in the same way 
as before; the result for the canonical /3-function is 

P{g ) = Md M g c (M) = - JL * 2 (A) g 3 c , (23) 

this representing the well known fact that the /3-function of N = 2 SYM is one- loop 
exact. 



In the infinite- Afo limit with fixed A = Mo exp — (j^rjNcJ 
1 2iV f f A-l \ 

S(M) £ /log — ) W 2 + h.c. + ip 3 kinematical term. (24) 

16 87H J \ A J 

The coefficient of such a kinematical term is completely determined by N — 2 SYm!. 



3.3 11 = 1 case 



Let us give mass to just one of the three chiral superfields in the N — 4 SYM, say 
ipx. Then the mass term reads S° Mq = ^ JcP8lpI + h.c. 
The effective action is defined by 



Sm = Sm 



1 t 2 (A) 
16 8tt 2 



W 2 log 



M 
Mo 



(25) 



where Sm is now contributed by the chiral kinematical terms X^z=2 Pi eVl Pi- ^ n 
contrast with the previous \i = 2 case, the coefficients of such terms at arbitrary 
mass M are no more constrained by SUSY and, thus, one must write them as 

Z{M,M )Y*=^ie v Vi- 

Rescaling superfields so as to cancel this Z factor yields an extra contribution 
to the W 2 term 



1 1 t 2 (A) 

g*(M) g 2 (M Q ) 8tt 2 



log 



M 
Mo 



2Z(M, M ) 



(26) 



4 Generalised RG flow 

In sec. U we have seen that the RG flow with respect to the variation of the mass 
parameter is generated by the continuous FRD Sifii — SM ^(x; M), where the 
generating function is defined in eq. (JsJ) - 

We have chosen S M to be the mass term in S M l ; however, in the case of /i = 1, 2 
one may try a more general form of S M - or of S Mo which, because of the flow 
equation, determines 5*^ uniquely. 
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Note, first of all, the fact that in these cases the characteristic trilinear term 
in the N = 4 action is either linear or quadratic in the massive chiral superficlds. 
Thus, for the fi — 1,2 cases, it is natural to try using the following "quadratic" 
actions as S% 

I. /i=l =► S° Mo = ^f(fi6ipl + /(ji + ia0 2 A • 0x + h.c, a = 5Re (^) t 2 (A); 

II. M = 2 S° fo = f^ 2 0£* =1 + ioflft A 0,) • ft + ELi Ji W + fc-c 

To see whether these quadratic actions generate a consistent RG flow, let us 
consider a generic with both quadratic and linear couplings 

S°m = \ [(piM ij {M)<p j + h.c.+ [j i F ij (M)<p j + h.c.+ fj i g ij (M)J j + h.c, (27) 



where the matrices M.,T and Q can depend on the physical massless fields, i.e. 
{V,tpk,Vk)»+i<k<3- 

The RG flow is now generated by the FRD Sipi = 5M * l withQ 

M) = ^5^) {SM " S ° M) = 2^ (H) - ^ ^ ~ M « <") ■ (28) 
Applying the above FRD to the generating functional yields 

c 1 /Y. <5 2 S M 55 m SS m ... S Vj (x)\ , , 

( Md M s M - tttt / / n _ c / ; c r~\ ~ lMi i x r _ /l - c -+ 

\ 2Mj \ ^(a;)^^) oipi(x) d(p l (x) oip l {x) ) 

+lf(^ TM2( P - f T Md M M <p\ + h.c. + J (^-L,J T FM <p - J T Md M F<p 

+ \ J {j-^^J ~ J T Md M Q J^j + h.c\ = 0. 

(29) 

One sees that Sm satisfies Polchinski's equation with the anomalous term pro- 
vided that the M-dependent matrices M. , T and Q are chosen in such a way as to 
satisfy 

Md M M = ^M 2 , Md M T =\-TM, Md M G = ±-T 2 . (30) 

1V1 M M 



Rewriting eq. (|29|) in the strong form 

„.ro a 1 ((■ & 2 Sm SS M SS m ... 6cpj(x) \ 

Md M S M = 7777/ l ~x — m — TT _ x / \ x i \ ~ lM v x t ( + h - c - 31 

2MJ \ 5ipi[x) 6(pi(x) 6<pi(x) 6ipi(x) J 8<pi{x) J 

Eq. (|3l]) has the same form as cq. ( |l6| ) except for the anomalous term which, 
however, in the cases of interest can be reduced to the previous case. The important 
difference is its initial condition: Sm does not contain the characteristic trilinear 
term in the N = 4 action which has been explicitly separated and included in S M 
and, as a consequence, it is just N =1 invariant. We will comment further on this 
issue in sec. U. 



d As S^, now contains the renormalized source terms too, Si, is just the Wilsonian action, Sjv 



The matrix differential equations, eq. (J30|), with the initial conditions M(Mq) = 
M.q, F{Mq) = land0(Mo) = can be easily integrated by noting that [.M,.Mo] = 
0. One gets 

M ^- M ^ = ^TW^W T = MM ° 1 > G = MMf-MZ x . (32) 

These results can be applied to the specific examples listed at the beginning of 
sec. H 



4-1 (i=l case 



This is the simpler case because the mass matrix, Ai, is just a number, the regu- 
larising mass M. 
Eq. (p7|) takes the form 



D M — — 



d 2 6tp\ 



M 

h.c. H 

M 

, 2 



Ji + za^ 2 A <^ 3 ) • ¥?i + /i.e. + - ( j-p - — 



1 

M 



Ji + ia$j A ips) + h.c 



The total action, S^ff, is obtained by adding to eq. (|33| 



(33) 

the effective action, 



Sm ? and the (un-renormalized) source terms for massless fields. 

Sm should satisfy Polchinski's equation with the anomalous term, which can be 

again evaluated by Konishi anomaly. It reads A = j^^f^r Jd 2 9W 2 . 



Getting rid of A by defining Sm = S 



M 



1 t 2 (A) 
16 8tH 



JW 2 log[^- o ) +h.c, one 



obtains the effective action for low energy physical configurations, i.e. J\ 
and p < M « M 



J l = 



Sm — 



1 t 2 (A) 



16 8tt 2 



2M 



[02 A tp 3 ) +h.c.+ 



i=2 

(34) 

where A = M exp - (*£ ^ V_ 

The notable feature of eq. (34) is the effective four-field interaction. Moreover, 
it is not necessary to integrate out the massive tpi field to get it. Another important 
feature of the above equation is that, in contrast to sec. [| there is no way of getting 
the non-trivial wave function renormalization constants of massless ^2,3 ■ 



4-2 (i — 2 case 

Giving the same mass Mq to ipi and <p2, one expects the resultant theory to be 
N = 2 SUSY. The issue is whether one can get some information about the low 
energy effective action of e.g. N = 2 SYM after the heavy fields decouple. 

Note that S Mg by itself is not N — 2 invariant, as it does not contain, by 
construction, the required kinetic terms for the massive chiral superfields. 

The generalised mass matrix in S M , Mi a ,jb(M) (ij run from 1 to 2 whereas 
ab label the adjoint representation of SU(Nc)), can be written down as M. = 
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M ( 



Mo 
M 



-1 

, with the initial value being read off from S^ 



M 

c rcab^ 



(Mo) iatjb = MoSij 5 ab + iaf c f caD e lJ . (35) 

Hereafter we will refer to the massless physical field, if 3, as if. Thus, in eq. (|35|), 
f c = y>§; f cab, s are SU(Nc) structure constants. 

For later purpose it is convenient to introduce a new matrix, $, defined by 
$ = exp [MM^] . $ satisfies Md M $ = j£ with $(M Q ) = 0. 

From eq. ( J35[ ) one can compute the matrix element $>i a ,jb- 
We give here the explicit result for Nc = 2 




M l t ip a ip b \ ] / aV 



*toJk(Af) = <5 afc log — - -Sij ISab - log 1 + [ 1 



1 c , 

V £a6 C £y log 




(36) 

As before, Sjff — S M + S'm + unrenormalized source terms and the Wilsonian 
effective action is again split as Sm — Sm+S^""" 1 , where the latter is the anomalous 
contribution. Sm satisfies the anomaly free Polchinski's equation 

Ma 5 1 /V" I ■ ^ 2 ^ M $Sm SS m \ . , ,„„v 

2MJ ^ y o<^(x) 5tpi(x) 5ipi{x) 5tpi{x) J 

with the reduced initial condition, i.e. the initial value Sm does not contain the 
trilinear coupling if3-ipiA(f2- 

As for the anomalous part, one can easily appreciate it is given by 

ST m = -^(j* ia J^+h,. (38) 

As in the previous cases, one expects the dominance of S M lom over Sm- 

To obtain the explicit expression of the anomalous contribution, we work as- 
suming the following simplifying conditions: 

I. the gauge group is SU(2); 

II. we specialise to the massless sector, i.e. to the configuration which remains 
massless in the classical vacuum represented by the vacuum expectation value (vev) 
{f) = (0,0, a) 

V=(0,0,V) if = (0,0, if) ={0,0,<(>)- (39) 

For such a configuration, the relevant matrices M., T become diagonal. In par- 
ticular, from eq. (|3q ) 

. . j log _ - s v^ 1+ (!-_)] j I+ - log ^ I «. 

'(40) 
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where 173 



1 

-1 



In the massless sector, it is convenient to make heavy field variables, ipf,i = 
1,2, a = 1,2, undergo the following linear transformation while keeping tpf un- 
changed 



^ = 2 

1 1 

¥>2 = a 



(<2i - + (Qi+iQ 2 ) 
h + iQ 2 ) + {Q1-1Q2) 



(Q1 + 1Q2) 





1 ■ 




2i . 


2 


1 " 


^2 = 


2i . 



(Qi-iQ 2 ) - (Q1+1Q2) 
(Q1 + 1Q2) - (Qi-iQ2) 



(41) 



In terms of the new variables, (Qi, Qij , the heavy field gauge couplings become 



i=l 



(42) 



with V = W3. 

Thus the calculation of the anomaly reduces to 



*Qi(p) 
SQiip) 



i(p) 



From cqs fl41h, (W3 



rtanom 



1 1 

16 4^2 



log 



M 



- log 1 



iip), 



M 2 



16 87T 2 



(43) 



1 - 



W 2 + h.c. (44) 



On the other hand, Polchinski's equation for the non-anomalous action, Sm, 
reads 



55 



SS 



A I 



h.c 



(45) 



with the initial condition 

2 



(p)«Qi(-J») SQi(p) SQi(-p) 

S Mo ^ 2 J d40 J2 Ue {^2) (®i e ~ VQl + & eV $) + irrelevant terms - ( 46 ) 

In the end we obtain the approximate expression of the Wilsonian effective 
action 



Sm 



1 



log 1 



Af 2 



M 



+ tp kinetic term, 
(47) 



64tt 2 

with A being M exp - (jf-J 

Apart from the first-logarithmic term, which is the same as in eq. Q24|), cq. ( |4T| ) 
is not very satisfactoryEZlEa. The obvious trouble with our method is the fact that 
N = 2 SYM is not maintained at an arbitrary value of M. It is actually broken in 
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two different (independent) places: 

I. Sjrf is n °t N = 2 invariant and neither is M.(M; ip); .— . 

II. Konishi anomaly is evaluated adth N = 1 but not N = 2-symmetric regulatorl!3. 
Now, N — 2 generalization oflL2l has been proposed run. If one followed their 

method directly, one would end up with an effective action of the fornJa 

S M = j^J[F^ 2 )W 2 + h.c. + ^F(^) V ] , (48) 

which is N — 2 symmetric only if F{ip 2 ) is constant. As it is well knownEl, in fact, 
the general N = 2 symmetric action would be of the form 

S M « J (4^ 2 /" + 2/') W 2 + h.c. + 2j^ (2f) <p, (49) 

with / - /(^ 2 ). 
5 Conclusions 

As we have seen, by applying ERG techniques to mass deformed models, one arrives 
at reasonable results when the residual supersymmetry (after heavy fields decouple) 
is N = l. This is true for both UV finite N = 4 SYM and N = 2 SQCD. 

Apart from the correct expression of the relevant beta functions (NSVZ and 
generalizations), we have obtained low energy effective actions for "massless" fields 
which are consistent with known resultslIZHla. 

It appears that the inability to construct a manifestly N = 2 symmetric RG flow 
in our context always causes troubles. One interpretation is that the final state the 
system flows into after heavy fields have decoupled, is not the pure N = 2 state but 
a mixture of iV=l and N — 2 states insteadEJ. 

At present, we do not know how to remedy such a situation by, e.g. , projecting 
the final state into pure N = 2. 

It is not true, however, that the effective action in eq. ( |47| ) is totally fictitious 
Inspecting the expression and comparing it with the correct expressiorOHj one 
notes the absence of what can be interpreted as instanton contributions. 



Indeed, eq. (47) can be rewritten, in the massless sector, as 

1 1 



2?r 2 , / M ± iaa 
log 



(50) 



9l ~° V A 

which is consistent with the result on N = 2 SQED inEl (there is no instanton in 
SQED). 

It contrasts with the derivation of NSVZ beta function, in which case instanton 
effects need not be taken into account separately. 

All these facts seem to indicate that though our method is capable of revealing 
part of the non-perturbative structure of low energy super gauge field theory, on 
the other hand there are still some important elements lacking. 

One must also mention that recently a series of remarkable insights into this 
class of quantum field theory models - including a simple derivation of Seiberg- 
Witten results - are getting discovered by "stringists" . The main techniques here 



12 



are brane technology and AdS/CFT correspondence. It is left to see whether this 
state of affairs really means that the super gauge field theory is just a "spin off" 
(in the sense of E. Witten) of super string theory, or M theory. 
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